Ricci-like solitons on Sasaki-like almost contact B-metric manifolds are the object of study. Cases, where the potential of the Ricci-like soliton is the Reeb vector field or pointwise collinear to it, are considered. In the former case, the properties for a parallel or recurrent Ricci-tensor are studied. In the latter case, it is shown that the potential of the considered Ricci-like soliton has a constant length and the manifold is η-Einstein. Other curvature conditions are also found, which imply that the main metric is Einstein. After that, some results are obtained for a parallel symmetric second-order covariant tensor on the manifolds under study. Finally, an explicit example of dimension 5 is given and some of the results are illustrated.
Introduction
Following the R. S. Hamilton's concept of a Ricci flow, introduced in 1982 [11] , R. Sharma initiated the study of Ricci solitons in contact Riemannian geometry, particularly on K-contact manifolds in 2008 [23] . After that Ricci solitons have been studied on different kinds of almost contact metric manifolds, e.g. α-Sasakian [12] , trans-Sasakian [2] , Kenmotsu [20] , etc.
Although this topic was first studied in Riemannian geometry, in recent years Ricci solitons and their generalizations have also been studied in pseudo-Riemannian manifolds, mostly with Lorentzian metrics ( [1] , [3] , [4] , [19] , [24] ).
Almost contact metric manifolds are usually equipped with a compatible metric, which can be Riemannian or pseudo-Riemannian. Then, the contact (1, 1)-tensor ϕ acts as an isometry with respect to the metric on the contact distribution. The alternative case is when this action is an anti-isometry. Then, the metric is necessarily pseudo-Riemannian and it is known as a B-metric. Moreover, the associated (0,2)-tensor of a B-metric with respect to ϕ is also a B-metric, in contrast to the associated (0,2)-tensor of a compatible metric is a 2-form. The differential geometry of almost contact B-metric manifolds has been studied since 1993 [8] , [18] .
In our previous work [16] , we introduced the notion of Ricci-like solitons on almost contact B-metric manifolds as a generalization of Ricci solitons and η-Ricci solitons using both B-metrics of manifold. There, we investigated the case of a potential Reeb vector field, when either the manifold is Sasaki-like or the Reeb vector field is torse-forming.
In the present paper, our goal is to continue our study on Ricci-like solitons, a generalization of Ricci solitons compatible with the almost contact B-metric structure. Now we focus on the case, when the potential of the considered Ricci-like soliton is a vertical vector field, i.e. it is orthogonal to the contact distribution with respect to the metric. The paper is organized as follows. Section 1 is devoted to the basic concepts of almost contact B-metric manifolds of Sasaki-like type. In Section 2, we study the covariant derivative of the Ricci tensor with respect to the main B-metric g of the manifold with a Ricci-like soliton, which potential is exactly the Reeb vector field ξ. In Section 3, we consider Ricci-like solitons with potential, which is the Reeb vector field multiplied by a differentiable function k. Then, we prove that k is constant and the Sasaki-like manifold is η-Einstein. Also a series of curvature conditions of the manifold are considered that imply k is a constant and g is an Einstein metric. In Section 4, we give some characterization for Ricci-like solitons on Sasaki-like manifold concerning a parallel symmetric (0, 2)-tensor. In Section 5, we give an explicit example of a Lie group of dimension 5 equipped with a Sasaki-like almost contact B-metric structure. Then, we show that the manifold is η-Einstein of a special type, admits a Ricci-like soliton with potential ξ and the results for this example support the relevant assertions in the previous sections.
Sasaki-like almost contact B-metric manifolds
We consider almost contact B-metric manifolds. A differentiable manifold M of this type has dimension (2n + 1) and it is denoted by (M, ϕ, ξ, η, g), where (ϕ, ξ, η) is an almost contact structure and g is a B-metric. More precisely, ϕ is an endomorphism of the tangent bundle T M , ξ is a Reeb vector field, η is its dual contact 1-form and g is a pseudo-Riemannian metric g of signature (n + 1, n) satisfying the following conditions [8] (1.1) ϕξ = 0,
where ι is the identity transformation on Γ(T M ). In the latter equality and further, x, y, z, w will stand for arbitrary elements of Γ(T M ) or vectors in the tangent space T p M of M at an arbitrary point p in M . Some immediate consequences of (1.1) are the following equations
where ∇ is the Levi-Civita connection of g.
The associated metricg of g on M is defined by
It is also a B-metric. A classification of almost contact B-metric manifolds, consisting of eleven basic classes F i , i ∈ {1, 2, . . . , 11}, is given in [8] . This classification is made with respect to the (0,3)-tensor F defined by (1.4) F (x, y, z) = g (∇ x ϕ) y, z .
It possess the following basic properties:
The intersection of the basic classes is the special class F 0 , determined by the condition F = 0, and it is known as the class of the cosymplectic B-metric manifolds.
The Lee forms of (M, ϕ, ξ, η, g) are the following 1-forms associated with F :
where g ij is the inverse matrix of the matrix (g ij ) of g with respect to a basis
In [13] , it is introduced the type of Sasaki-like manifolds among almost contact B-metric manifolds (also known as almost contact complex Riemannian manifolds). The definition condition is its complex cone to be a Kähler-Norden manifold, i.e. with a parallel complex structure. A Sasaki-like manifold with almost contact Bmetric structure is determined by the condition
Obviously, any Sasaki-like manifold belongs to the class F 4 and its Lee forms are θ = −2n η, θ * = ω = 0. Moreover, the following identities are valid for it [13] (1.7) where R and ρ stand for the curvature tensor and the Ricci tensor of ∇. Let τ andτ be the scalar curvatures with respect to g andg, respectively, and let τ * be the associated quantity of τ regarding ϕ, defined by τ * = g ij ρ(e i , ϕe j ).
For an arbitrary F 4 -manifold with a closed 1-form θ, the following relation for τ * andτ is given in [15] 
Then, for a Sasaki-like manifold since θ(ξ) = −2n we havẽ
Let us recall [16] , an almost contact B-metric manifold (M, ϕ, ξ, η, g) is said to be Einstein-like if its Ricci tensor ρ satisfies For a Sasaki-like manifold (M, ϕ, ξ, η, g) with dim M = 2n + 1 and a scalar curvature τ regarding g, which is Einstein-like with a triplet of constants (a, b, c), the following equalities are given in [16] :
Then, forτ on an Einstein-like Sasaki-like manifold we obtain
and because (1.9), (1.10) and (1.11), the expression (1.8) becomes
If it is almost Einstein-like with functions (a, b, c) then the scalar curvatures τ andτ of g andg, respectively, are constants τ = const,τ = 2n
Ricci-like solitons with potential Reeb vector field on Sasaki-like manifolds
In [16] , by conditions for Ricci tensor, there are introduced the notions of an Einstein-like almost contact B-metric manifold and a Ricci-like soliton on an almost contact B-metric manifold.
It is said that (M, ϕ, ξ, η, g) admits a Ricci-like soliton with potential ξ if the following condition is satisfied for a triplet of constants (λ, µ, ν)
where L denotes the Lie derivative.
If µ = 0 (respectively, µ = ν = 0), then (2.1) defines an η-Ricci soliton (respectively, a Ricci soliton) on (M, ϕ, ξ, η, g).
If λ, µ, ν are functions on M , then the soliton is called almost Ricci-like soliton, almost η-Ricci soliton and almost Ricci soliton, respectively.
). Let (M, ϕ, ξ, η, g) be a (2n + 1)-dimensional Sasaki-like manifold and let a, b, c, λ, µ, ν be constants that satisfy the following equalities:
Then, the manifold admits a Ricci-like soliton with potential ξ and constants (λ, µ,
In particular, we get: .6) and (2.2), we apply covariant derivatives to (2.3) and we get
Obviously, the tensors (∇ x ρ) (ϕy, ϕz), (∇ ξ ρ) (y, z) and (∇ x ρ) (ξ, ξ) vanish and therefore we establish the truthfulness of the following Let us remark that the Sasaki-like manifold is locally Ricci symmetric just in the case (iv) of Theorem 2.1. Now for the Ricci tensor, we consider the term ∇-recurrent, which is weaker than the usual parallelism. We say that the Ricci tensor is ∇-recurrent if its covariant derivative with respect to ∇, i.e. ∇ρ, is expressed only by ρ and some 1-form.
Proposition 2.5. Let (M, ϕ, ξ, η, g) be a Sasaki-like manifold admitting a Riccilike soliton with potential ξ and constants (λ, µ, ν) with the condition (λ, µ) = (0, 1). Then the Ricci tensor ρ of this manifold is ∇-recurrent and satisfies the formula The system of the latter two equations for (λ, µ) = (0, 1) is solved with respect to g(ϕx, ϕy) and g(x, ϕy) as follows
Substituting the latter equalities to (2.4), we get the recurrent dependence (2.5) of the Ricci tensor.
Ricci-like solitons with potential pointwise collinear with the Reeb vector field on Sasaki-like manifolds
Similarly to the definition of a Ricci-like soliton with potential ξ by (2.1), we introduce the following notion. We say that (M, ϕ, ξ, η, g) admits a Ricci-like soliton with potential vector field v if the following condition is satisfied for a triplet of constants (λ, µ, ν)
Suppose that (M, ϕ, ξ, η, g) is a Sasaki-like manifold admitting a Ricci-like soliton whose potential vector field v is pointwise collinear with ξ, i.e. v = k ξ, where k is a differentiable function on M . It is clear that k = η(v) and therefore v belongs to the vertical distribution H ⊥ = span ξ, which is orthogonal to the contact distribution H = ker η with respect to g. Bearing in mind (3.4) and (3.2), we obtain the following expression of the Ricci tensor
The latter equality is the condition for manifold to be almost Einstein-like with functions (a, b, c) = (−λ, k − µ, λ + µ + 2n − k).
Then, according to Proposition 1.1, (M, ϕ, ξ, η, g) is η-Einstein with constants
Comparing the two triads (a, b, c) from the above, we infer that k = µ, i.e. k is a constant. Thus, from the formula in (3.4) we deduce that the condition
is satisfied. Then, equality (3.5) becomes Proof. By virtue of (3.6), in similar way as for (2.4), we obtain in this case Then, the statement is easy to conclude.
Let us impose the condition R(ξ, . ) · ρ = 0, i.e. it is valid the following Equality (3.10) for z = ξ provides (λ + 2n)g(ϕx, ϕy) = 0, which is equivalent to
Therefore, condition (3.8) implies that the manifold is Einstein.
A non-vanishing Ricci tensor ρ is called cyclic parallel or of Codazzi type if it satisfies the condition [10] (∇ x ρ)(y, z)
It is said that a non-vanishing Ricci operator Q is Ricci ϕ-symmetric if it satisfies the condition [6] ϕ 2 (∇ x Q)y = 0. In [9] , if the latter condition is satisfied for arbitrary vector fields on the manifold, it is called globally Ricci ϕ-symmetric, and when these vector fields are orthogonal to ξ, then the manifold is called locally Ricci ϕ-symmetric.
Similarly to Proposition 3.3, we establish the truthfulness of the following In [5] , the notion of almost pseudo Ricci symmetric manifolds is introduced by the following condition for its non-vanishing Ricci tensor
where α and β are non-vanishing 1-forms. Setting successively x, y and z as ξ in the latter equality and then combining the obtained equalities, we get
Imposing these equalities in (3.12) gives for arbitrary x, y, z and therefore α(ξ) = 0 holds. Thus, (3.11) is satisfied providing α(ξ) vanishes, which completes the proof.
A manifold is called special weakly Ricci symmetric if its non-vanishing Ricci tensor satisfies the following condition [21] Proof. Comparing (3.15) with (3.11), we deduce that an almost pseudo Ricci symmetric manifold with α = β is a special weakly Ricci symmetric manifold. Then, (3.13) implies α = 0 and therefore the manifold has ∇ρ = 0. By virtue of Proposition 3.5, we conclude the validity of the statement.
Finally in the series, for the studied manifold (M, ϕ, ξ, η, g), let us consider the curvature condition Q · R = 0, which can read as Proof. Taking the trace of (3.16) for x = e i , w = e j and due to the symmetry of Q, we obtain ρ(Qy, z) + ρ(y, Qz) = 0. After that we use (3.6) and get λ 2 g(ϕy, ϕz) − 8n 2 η(y)η(z) = 0, which has no solution.
Parallel symmetric second-order covariant tensor on a Sasaki-like almost contact B-metric manifold
In [7] , L.P. Eisenhart proved that if a positive definite Riemannian manifold admits a second-order parallel symmetric tensor other than a constant multiple of the metric tensor, then it is reducible. In [14] , H. Levy proved that a second-order parallel symmetric non-singular (with non-vanishing determinant) tensor in a space of constant curvature is proportional to the metric tensor. In [22] , R. Sharma proved a generalization over Levy's theorem for dimension greater than two in non-flat real space forms.
Sasaki-like almost contact B-metric manifolds are not need to be real space forms in general. We now prove an assertion of the kind of the theorems above. Proof. Let h be a symmetric (0, 2)-tensor field which is parallel, i.e. ∇h = 0 with respect to the Levi-Civita connection of g. We use the Ricci identity for h, i.e.
Since ∇h = 0, the latter identity implies h (R(x, y)z, w) + h (z, R(x, y)w) = 0 and therefore the following property is valid If we put y = ξ in the latter equality, it follows (4.2) h(x, ξ) = h(ξ, ξ)η(x).
Since η(∇ x ξ) vanishes because of g(ξ, ξ) = 1, then (4.2) implies
From the expression of (∇ x h) (y, z) in the case ∇h = 0 and y = z = ξ we have
which means that h(ξ, ξ) is a constant because of (4.3). Next, we take the covariant derivative of (4.2) with respect to y and we get h(x, ϕy) = h(ξ, ξ)g(x, ϕy), bearing in mind the first equality of (1.7). We substitute y for ϕy in the latter equality for h and use (1.1) and (4.2) to obtain the following h(x, y) = h(ξ, ξ)g(x, y).
The latter equality means that h is a constant multiple of g and therefore we proved the following Let us apply this assertion to a Ricci-like soliton. Proof. Since h = 1 2 L ξ g + ρ + µg + ν η ⊗ η and for Sasaki-like manifolds we have (L ξ g) (x, y) = g(∇ x ξ, y) + g(x, ∇ y ξ) = −2g(x, ϕy), i.e. 1 2 L ξ g = −g + η ⊗ η. Then h takes the form
Now, let h be parallel. According to Proposition 4.1, h = h(ξ, ξ)g holds true in this case. From (4.4) and the last equality in (1.7), we obtain h(ξ, ξ) = 2n + µ + ν and therefore h = (2n + µ + ν)g. The latter equality and (2.1) imply that there is a Ricci-like soliton with constants (λ, µ, ν), where λ = −µ − ν − 2n.
Vice versa, let (M, ϕ, ξ, η, g) admit a Ricci-like soliton with constants (λ, µ, ν), i.e. (2.1) is valid. The latter condition can be rewritten as h = −λg. Bearing in mind that λ is constant and g is parallel, it follows that h is parallel with respect to ∇, too.
Example of an Einstein-like Sasaki-like manifold, admitting a
Ricci-like soliton with potential Reeb vector field
In Example 2 of [13] , it is given a Lie group G of dimension 5 (i.e. n = 2) with a basis of left-invariant vector fields {e 0 , . . . , e 4 } and the corresponding Lie algebra is defined by the commutators Then, G is equipped with an almost contact B-metric structure by g(e 0 , e 0 ) = g(e 1 , e 1 ) = g(e 2 , e 2 ) = −g(e 3 , e 3 ) = −g(e 4 , e 4 ) = 1, g(e i , e j ) = 0, i, j ∈ {0, 1, . . . , 4}, i = j, ξ = e 0 , ϕe 1 = e 3 , ϕe 2 = e 4 , ϕe 3 = −e 1 , ϕe 4 = −e 2 .
There are computed the components of ∇ for g and the non-zero of them are the following (5.1)
∇ e0 e 1 = p e 2 + q e 4 , ∇ e0 e 2 = −p e 1 − q e 3 , ∇ e0 e 3 = −q e 2 + p e 4 , ∇ e0 e 4 = q e 1 − p e 3 , ∇ e1 e 0 = −e 3 , ∇ e2 e 0 = −e 4 , ∇ e3 e 0 = e 1 , ∇ e4 e 0 = e 2 , ∇ e1 e 3 = ∇ e2 e 4 = ∇ e3 e 1 = ∇ e4 e 2 = −e 0 .
It is verified that the constructed almost contact B-metric manifold (G, ϕ, ξ, η, g)
is Sasaki-like. The components of the curvature tensor R ijkl = g(R(e i , e j )e k , e l ) and those of the Ricci tensor ρ ij = ρ(e i , e j ) are computed for the same manifold in [16] . The non-zero of them are determined by the following equalities and the usual properties Since ρ = 4 η ⊗ η is satisfied, then (G, ϕ, ξ, η, g) is η-Einstein with constants (5.2) (a, b, c) = (0, 0, 4).
Moreover, it is clear that τ =τ = 4. Also, there are computed the components (L ξ g) ij = (L ξ g) (e i , e j ) and the nonzero of them are the following (L ξ g) 13 = (L ξ g) 24 = (L ξ g) 31 = (L ξ g) 42 = 2, which means that L ξ g = −2g + 2η ⊗ η.
After that, it is obtained that (3.1) is satisfied for and therefore (G, ϕ, ξ, η, g) admits a Ricci-like soliton with potential ξ. Therefore, the condition λ + µ + ν = −2n is fulfilled and this is in unison with Theorem 2.1. Now, using (5.1) and the only non-zero component ρ 00 = 4 of ρ, we compute the components of (∇ i ρ) jk = (∇ ei ρ)(e j , e k ) of ∇ρ and the non-zero ones of them are the following (∇ 1 ρ) 30 = (∇ 2 ρ) 40 = (∇ 3 ρ) 10 = (∇ 4 ρ) 20 = 4 and their symmetric about j and k. These results are in accordance with Proposition 2.3.
In conclusion, the constructed 5-dimensional example of a Sasaki-like manifold with the results in (5.2) and (5.3) supports also Theorem 2.1, Theorem 3.1 for k = 1 and it agrees with Proposition 4.1 and Theorem 4.2 for the trivial case h = 0.
